Forced oscillator
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Review :
The driven, undamped harmonic oscillator

*The equation of motion for harmonically driven, undamped oscillator may be written as

°If a general displacement x is given as x(t)= Acos(at+¢), the amplitude A is found to be

Fy/m or A— Fy/m

(e R

*The phase shift of “0” indicates that the displacement and the driving force are in phase.

A= dependingon ¢ =0 or«

and o, = frequency of free oscillation

*The phase shift of “m” indicated that the displacement and the driving force are out of
phase by =.



*(a) the amplitude of a driven oscillator versus o
with no damping.

_+(b) The phase lag of the displacement relative to
the driving force versus .

Fols = A= I;O/mz ,¢=0and w< o,
0 (C()O—d) )
A= Ro/m , ¢=m and o > o,

=
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Behavior of the forced oscillator W%%**

Consider a mechanical forced oscillator with force F,coswt applied to damped oscillator.

“The equation of motion is given by~ mX+ rX+ sx = F, cos wt
*The complete solution for the case is composed of

(1) Transient term and (2) Steady state term

displacement 15§

WA NA A
Applied force Di:/' \\v v \J \j

Displacement |—+°F L _ Transient + steady state steady state

i o 1] i Ty i i 70 time




Driven, damped harmonic oscillator

Generally, the applied force may be written as F exp(imt).
“Therefore, the equation of motion becomes MX + X + SX = Fy exp (ia)’[)
*Suppose a general solution of the differential equationis X = Aexp (ia)’[)

By substituting the general solution into the equation of motion, we obtain the
amplitude A as follows

A = _ ~iF,

(s—mw2+ia)r) a)(r+i(a)m—SD

Q




Description of the steady state term

*Therefore, the displacement can be written as

—iFpexp(iot)  —iFyexp(iot) —iFyexpi(ot—g)
o[Za]  o[Zalee(i9)]  ofZal

Zn =| r+i(@m-s/w) | = mechanical impedance

¢=tan*[ (om-s/w)/r ]

Mechanical impedance is a measure of how much a structure resists motion when subjected
to a harmonic force. It relates forces with velocities acting on a mechanical system.

x = Aexp(iwt) =




Complete information of magnitude and
phase of the steady state term




The amplitude of the x

*Recall the amplitude from the steady state,

Fo
4= Fy _ Fy B m
- olZnl s 2 rwzé
2 _5 232
w[r +(a)m 5 ] [(w a))+( )]

*The expression clearly states that the amplitude Is
a function of the driving frequency, o.

*The amplitude is still finite even though the
driving frequency Is equal to the frequency of the
free oscillation due to the existence of the r.

- amplitude
- of forced : : : :
j‘oscdlat'an ........................................... ....................... .........................

| P> : \§ : driving
. \\ ; : s
e A ;,,.,Ic.:lcrgas.'.ng ......... Sl - frequency
_ ampmg - ; /Hz
resonant
frequency

What is the resonant frequency of the forced oscillator?




How to get a resonant frequency of the
forced oscillator?

_____________________________________________________________________________________________________




How to represent the forced oscillation
resonant frequency in terms of damping
frequency?




A note on the applied force

*Instead of using an exponential form, the applied force as written in terms of
cosine or since functions leads to the steady state solution as follows

The value of displacement x resulting from F,cos(wt) Is
F :
2 sin (wt —¢)
®|Z|
The value of displacement x resulting from F,sin(wt) Is

X =

_FO
X = COS(wt — ¢
|Zpy ( )

*Both solutions satisfy the information given In the previous page.






Mechanical Impedance Z,.

‘Mechanical impedance is a measure of how much a structure resists motion
when subjected to a harmonic force. It relates forces with velocities acting
on a mechanical system.

*Mechanical impedance is a complex quantity given by

=|r+i(om-s/o)]

*The real part, the mechanical resistance, Is independent of frequency.
The dissipative forces (rX) are proportional to velocity.

*The imaginary part, the mechanical reactance, varies with frequency,
becoming zero when equal to the frequency of shm.



Relation of the velocity and force

Provided that the driving force Is given as F,cos(wt), the velocity
becomes

1) In case of ¢ =0, velocity and force are in phase.

2) The amplitude of the velocity is F,/|Z..|, this leads to the definition
of the mechanical impedance Z_ =F/V



Problem 1

The equation MX + X = Fy sin (a)t) describes the motion of an
undamped simple harmonic oscillator driven by a force of frequency .
-Determine the steady state solution and sketch the behavior of the steady
state amplitude versus .

-Also find the general solution.




Detalled solution of problem 1




A response of RLC series circuit

DL e l | *The input voltage is equal the sum of the voltage
[ | | +~ I across the inductor, the voltage across the capacitor
V, () o and the voltage across the resistor.
| V| +Vg +Ve =V,
@) LG +Rq+q/C =V,
|‘|I~ . _ . .
N Gispiacement tyit — If V, =Vexp(iot), the solution of the above
” r———— differential equation is given as
B AN — R > force [f(t) ittty :
U A ! !
“Z-‘\ .,',, oe;i 3 — : :
' coefhicient of ! !
. spring constant (k) friction (1 : :
= ... O
_ _ _ *Where the electrical |mpedance Z IS ertten as
To find the solution, we simply compare the ST
electrical system to the mechanical system and 7 _ |
e :

substituting m for L, r for R and s for 1/C.




Behavior of velocity v In magnitude versus
driving for frequency ®

*The magnitude of the velocity amplitude varies with
frequency o because |Z.| is frequency dependent.

fo_ F F
r 0 _ 0
2
\ Zn| [rz +(a)m—s/a))2T/
E -The Impedance is stiffness controlled : at low
- frequency, s/m dominates.
*The impedance Is mass controlled: at high frequency,
| ® om dominates.

1
g = (s/m) * - Let me remind you that the driving force : F, cos at,

Velocity of forced oscillator versus The velocity (F0/|Zm|)cos(a)t ~ ) where ¢ = tan_l(wm;s/wj’

driving frequency .

At resonance, the velocity is in phase with the driving force.




Phase behavior of velocity v versus driving
force frequency ®

: : : : F,
*According to the relationship between the velocity vand force F, v = IZ_O cos(wt — ¢)
m

y=tan (x)

*The applied force Is  F = F, cos wt
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2 FY =2} =0 -

*Generally, v lags F by ¢ and  tan¢ =

Consider 3 situations; ¢ >0, ¢ <0and ¢ = 0.

http://www.analyzemath.com/trigonometry/properties.html



Variation of phase angle ¢ versus
driving force frequency o

_—— vlags F (D—>00

+ = — Mass
2 tang— | controlled
. 1 d—>m/2

Phase angle rincreasing

o (radians)

between 0 ®

Vand F vand F O = M,

inphase | tanp=0 @ velocity resonance
tan ¢ om—S/w ¢=0
= I8
r T k=" vieads F | >0

tan¢p—>-oo Stiffness controlled
d—>-1/2

At low frequency the velocity leads the force ( ¢ negative) and at high frequency the velocity



Behavior of displacement in magnitude
versus driving force frequency

-Recall the displacement X = ZO sin (Cf)t ~ ¢) when the driving force is F,cos(mt),

a)‘ m‘
: . |:O y, 2 %
*Clearly, the amplitude is given as a)‘Zm‘ and ‘Zm‘=[r +(a)m—S/a)) }

*The amplitude function suggests that the graph of x vs » depends on 3 different ranges of o.
*What would the amplitude be when ©» - 07?

*What would the amplitude be when ® - o« ?

*What is the driving frequency at the amplitude resonance?



The amplitude resonance of the displacement

-The displacement resonance occurs when the denominator ®Z . is a minimum.

1

*Thi d(wZ 5

This takes place when  d(0Zp,) _ d a)[r2+(a)m—s/a))2}2=0
dw dw

*The condition rg_ives the driving frequency @ which gives the displacement resonance.

________________ 1

N

*Therefore,

S
Il
S

*Thus, the displacement resonance occurs at a frequency slightly less than w,, the
frequency of velocity resonance.

*Express the driving resonance frequency in terms of damping frequency? Already done!



Variation of the displacement of a forced
oscillator vs driving force frequency o

*The maximum displacement at resonance
amplitude is given as Fo

Xmax = o, ‘Zm‘

‘Dueto  w,lZnl=o'r (Prove this!)

Fo
@'r
™ Damping frequency

*The amplitude at resonance is kept low by
Increasing r.

Deplacemeant x

*Therefore, Xmax =







Phase behavior of displacement
versus driving force frequency o

. R
*Recall the displacement X:“’lz |Sm(60t—¢)_

*Since the displacement x lags ve

m .
ocity v by ...... e,

—_—— =

*Consider when o = 0, the above condition suggests that x lags/leads/is in phase with F.

*Consider when o = o, X lags/leads/is in phase with F.

*Consider when o = o, x lags/leads/is in phase with F.



Variation of total phase angle between displacement
and driving force vs driving frequency

-~ ——— _ Xlags F n

2
Total phase rincreasing
angle (radians) Phase angle
between

R : .

— (x + 0 ¢ (red)
o /h xlags Foy - o

ol

i
x and F in phase 2

This can be easily explained when considered each condition firstly with the phase difference
between v and F and then x and F provided that x and v is always out of phase by 7t /2.




Significance of the two components of
the displacement curve (1)

*From the displacement x= i sin(wt—¢)
W|Z|

sin (a)t —¢)

-This expression may be rewritten as X = [Sin ot cos ¢ —cos wtsin g |

a)|Zm| a)| m|

_ X
-Due to|Zm|=[r2+Xﬂ2;Xm:(a)m—S/a)) and Sm¢zz_m;cos¢:é

m

*The displacement is then composed of two terms: resistive fraction and reactive fraction,
_ |:0 r : |:O Xm

> COS wt

Resistive term Reactive term



Significance of the two components of
the displacement curve (2)

*The amplitude of the
reactive fraction may be

Reactive fraction written as
Folair.__ (a) _%(ﬂf};mf) R X _ Fom(a)g —coz)
Folegr - @ ‘Zm‘z m? (a)g — & )2 + wr?
Resistive fraction
Fyl2emyr

Fq r
(®) H(r?:r xmz) *The amplitude of the

s resistive fraction may be
written as
FO r Foa)r

2~ 2
@ ‘Zm‘ mz(a)g—a)z) + w’r?




Significance of the two components of
the displacement curve (3)

*This Is clear that the reactive fraction becomes zero and resistive
fraction Is near Its maximum at ® = @,.

*However, they combine to give a maximum at o, the resonant frequency
for amplitude displacement, where




Problem 3.9

The equation X + wix = (—eEg/m)coswt describes the motion of a bound undamped electric
charge —e of mass m under the influence of an alternating electric field £ = Eycoswt. For an
electron number density n show that the induced polarizability per unit volume (the dynamic
susceptibility) of a medium

ncx HEE

Xe=———==
‘ coE  gom(wi — w?)

(The permittivity of a medium is defined as £ = (1 + x) where £ is the permittivity of free space.
The relative permittivity =, = =/= is called the dielectric constant and is the square of the refractive
index when E 1s the electric field of an electromagnetic wave.)

TRY Problem 3.10



Solution

*From the beginning of the unit, with the equation in the form of mx +rx + sx = Fycosw t.

Fo
= sin(wt — ¢).
T »

*However, this case is undamped. |Z,,,| = wm —% and ¢ = g

*The corresponding displacement is found to be X

*This leads to x = cos wt.

Fy
m(wi—w?)
‘Because E = E, cos wt, the driving force on a bound undamped electric charge —e is given by F = —eE cos wt.

—eE,

*This implies that F, = —eE,. Therefore, x = mlwl-07) cos wt.
. ey : __ —nex _ -ne —eE _ ne?
Therefore, the susceptibility can be written as y, = pavaiaiays (m(w%_wz) Cos wt) = om(ai—a?) #



Power supplied to an oscillator by
the driving force

*To maintain the steady state, the average power supplied by the
driving force just equals that being dissipated by the frictional force.

| Dissipated power by frictional force
. the rate of working by the frictional force

(rx)’x/rU—OTT((a)t ~ )

. The average of this value over one period of oscillation




Variation of P,, with o;
Absorption resonance curve

F_ (max)
Fo?
~or

*The maximum average power Is achieved when
cosp=lland Z =r.

*This corresponds to the case when o = o, and
velocity is in phase with applied force.

*The sharpness of the peak at resonance is
determined by the value of damping constant r.

*The curve Is known as the absorption curve of
the oscillator




The Q-value In terms of the resonance
absorption bandwidth

*The absorption curve in the previous slide can be used to defined the Q-value as
follows g

Q=
Wy —
‘where , and ®, are frequencies at which the power supplied

P, = % P,y (maximum)

*And @, — o, = bandwidth



The Q-Value as an amplification factor

*Note that for high values of Q,
the damping constant r is small.

Fa
s

*The displacement amplitude
curve can be shown in terms of
the quality factor Q of the
system.

Displacement in units of




Vibration i1solation




Vibration isolation

*Generally, the vibration isolation can be divided into to two basic types ; I.e.,
(1) displacement isolation and (2) force isolation.

*The moving-base model on the left is used in designing isolation to protect the device from
motion of its point of attachment (base).

*The model on the right is used to protect the point of attachment (ground) from vibration of the

mass. , 5! | N 3

Displacement Transmissibility Force Transmissibility S

N

F(t) = F,sin (o) Y

A | Q

: i W x T )

Device _TX(” = Xsin(ws ~d) ~ Source of x(1) ©

5 ' o - ! —

m I vibration . _ v

Vibration isolator Vibration isolatol E

_,— )

O

L LD 5

>

I (1) = Ysin () =

v ‘ (oX

L 7777 Q

i)

Moving base (source of vibration) Fixed base S
Vibration source modeled as base motion Vibration source mounted on isolator




Problem on displacement vibration

Insulation
Heavy base -y = vertical displacement of
A o the base about its rest
__________ Y aesien  position.
! of base
Y -x = vertical vibration of the
s floor about its equilibrium
position
*Requirement :Protect
- sensitive obj 1.e. heav
Vibrating floor 1 This ratio is known e objects (I.e. heavy

o base) from vibrating floors
x = A cos vt as transmissibility.

Fixed reference level 'Target (The ratio y/A IS kele
to a MiNiMUMS = — =—



Problem on displacement vibration
Insulation (cont.)

Equation of motion
-Suppose y >x;  my =-s(y—x)—r(y—x)
my +ry + sy = rx+ sx
-Suppose Y =Yg exp(iot); x = Aexp(iat)
*Determine the derivatives of y and x and substitute in the equation of motion.

*This ends up in terms of the magnitude ratio as follows,

1
2\2 2\2
‘y‘_ w w
Al 2
2 _ 2
(r +(a)m w))




Physical meaning of the ratio |y/A|

2\2 2\2
REENar
‘y‘_ 7 B 7
Al 1

2\ 2
2 _ 5
(r +(wm w))

*What does it mean if the magnitude ratio Is greater than 17

-Under the condition, this is found that @ <+2@, or 2 <2
@




Absolute transmissibility D |Sp I acement
- Transmissibility |y/A|

\
: L
: A 0.2
2 }‘ 0.5

7

1.0

2 i : = The displacement

2 o5 \ =10 vibration isolator will

g NS (R lCoL N generally operate at the

S o object in the basic - mass controlled end of the

§ oz;; ::ggt:l';l:;f):el:‘l‘se?‘:y 0'2 frequency spectrum anq

< oo | andlboitordamping. \ the resonant frequency Is
003 N designed to be lower than
002 0 the range of frequencies
Mo o2 05 1014 2 3 5 7 10 likely to be met.

Frequency ratio, w/w_

http://machinedesign.com/archive/shaking-vibration-models



Analysis of the
displacement transmissibility

f
- 1
*From the displacement transmissibility the object £ / \4.
vibrates less than the supporting surface of vibrating ____—S—TEGION OF
- - - - 2 AMPLIFICATION

frequency If vibration frequency o > \/Ea)o (region of E

isolation). g
*Lower-stiffness vibration isolators decrease the natural REGION OF
frequency m, and transmit less vibration to the object ISOLATION
for almost driving frequencies. L
*The increasing isolator damping reduces an object’s /1 Z
vibration amplitude at @ >ay by decresing /Frequencg,r Ratio, ta/fy
isolation at ¢ <+/2¢, (region of amplification). Figure 6 Typical ransmissibility curve for

1 . i
an isolated syvstem where bd = disturbance
7 i i .
tre ncy and tn = isolation system natural
IE Y.

'-;_'Il_l =
IL':.|'_! &n



Displacement transmissibility in terms of
damping ratio

By definition, the damping ratio £'is given as the ratio of the damping factor to the
critical damping factor,

;- rr
. 2vms
r S
«Thi — =20, ]==2
This leadsto 5\/; &y
*Therefore, the transmissibility in terms of C is written as

Bl

Transmissibility =

N |-




Problem : Effect of speed on the amplitude
of car vibration

y(t) Given
T (1) car speed = 20 km/hr

m = mass of car : * Velocity of car 20 km/hr
(2) car mass = 1007 kg

S % U (3) stiffness s =4 x 10* N/m

[ ] i e (4) damping constant r = 2000 Ns/m
Determine the amplitude response of
the car to the vibrating road surface by

l"m m considering the surface disturbance in
P = B Reraerille the form of a sinusoidal input.




Model the road as a sinusoidal input to

base motion of the car model

Approximation of road surface:
V(t)=(0.01 m)sinwm,r

@, = v(kmfhr)( 1 } [ hour ){ 27 Md) =0.2909v rad/s

0.006 km /" 3600s/\ cycle
@, (20km/hr) = 5.818 rad/s
From the data give, determine the frequency and Alternatively,
damping ratio of the car suspension: S O can b ue
2\2
2 4 N/ 2 , S
o :\/E:\F <10°Nm _ oo (~1H2) ) (r + w2>
- 1007 kg H _
PR 2000 Ns/m 0,158 a |Zom|
" 2l 2 [(410* Nm )(1007 kg)
' Attheend, y=0.031m
L _ @ _ 5818
@  6.303
= 1+(28r)’
JY— I’ J(] . }*2 )2 + (2[:;,)2
= (0.01 m) 1+[20.158)0923)] ~0.0319m
(1—(0.923)25 +(2(0.158)(0.923))

I —




Force vibration isolation

*The vibration source is mounted on isolator
Force Transmissibility — composed of a spring with stiffness s and a

A1) = Foasin () damper with damping constant r .

f The mass is disturbed by a force F(t).
Source of T x{r) : C ey ey : :
s PR -V e *What is the force transmissibility for isolating
r Vibration isolatol - the source of vibration?
8 4
;777 7

Fixed basc

http://slideplayer.com/slide/8032841/




Force vibration isolation (cont.)

-Equation of motion of mass mis givenby  MX+IrX+sx=Fysinwt
*The solution as the displacement is written as

2




Force vibration isolation (cont.)

*The response of the supporting base Is due to the force combination of spring
with stiffness s and damper with damping constant r .

f(t)=sx+rX

By substituting x from the previous slide and determine the force transmissibility,
1

272
1+£2§Q)J _ : :
A { wy A = vibrating amplitude of the base




Force transmissibility curve

Transmissibility

3
Amplitude Ratio

| | | ]
0 0.5 1 1.5 2.5 3 35 4

2
Frequency Ratio (fJf_)




Homework #3

1. In a plasma the charges are free. Consider a free
point charge ¢ in a uniform and monochromatic electric
field E = F exp(—iwt)z, where & is the unit vector in x
direction. (The physical electric field is given by the real
part of E.) Show that the displacement of the charge is

T QEQ:- (1)

where m is the mass of the charge. If there are N such
free charges per unit volume, what is the polarization
density associated with the charges? Argue that the rel-
ative permittivity can be written in the form

r= Xexp(—iwt), X =

mw

7 (2)

50



Homework #3 (cont.)

2.

Equation of motion @115 5211 forced mass spring damping 181 1at1l

¥+ 20mx + @°x = @ A, cos ot

Taoil solution Wew Ty

:Ao[l_(G_z/wz)]COSJHnga(o-/m)sian+ —— 1—.::52%&)?—5
(1-(c%/e?)) +4a’ (o*/*) : {( | }

y
2.1 3NanammZ steady state response Y9932 forced mass spring damping U

2.2 wnanamas 9 uaasmsilasulaunniz amplitude Y94 steady state response il o/ @MU
M a=0,0.2,04 waz 1.0



